Abstract: For any two complex numbers a and b, Vir(a, b) is a central extension of W(a, b) which is universal in the case (a, b) = (0, 1), where W(a, b) is the Lie algebra with basis
Introduction
For a, b ∈ C, the Lie algebra W(a, b) was studied in [7] , which has a C-basis {L n , W n | n ∈ Z} subject to relations were also determined therein. The algebra Vir(a, b) is very meaningful in the sense that it generalizes many important algebras, such as the so-called Heisenberg-Virasoro algebra Vir(0, 0) which plays an important role in the representation theory of toroidal Lie algebra, the W (2, 2) algebra (= Vir(0, −1)) whose representations were studied in [9] in terms of vertex operator algebras, and the so-called spin-l algebra W(0, l) for l ∈ shall consider a class of non-weight modules over the algebra U Vir(a, b) whose restriction to U(CL 0 ⊕ CW 0 ) are free of rank 1 and classify all such kind of modules. This paper is organized as follows. In Section 2, we construct a class of non-weight Vir(0, b)-modules over C [s, t] , and study the irreducibilities and isomorphic relations of these modules. Section 3 is devoted to classifying all modules over the algebra U W(a, b) and then over U V ir(a, b) whose restriction to U(CL 0 ⊕CW 0 ) are free of rank 1. As a coproduct, we show that such modules exist only for W(0, b) and Vir(0, b).
Throughout the paper, the symbols C, Z, C * , Z * represent for the sets of complex numbers, integers, nonzero complex numbers and nonzero integers, respectively. U(g) is used to denote the universal enveloping algebra of a Lie algebra g.
Preliminaries
For (a, b) = (0, 1), the universal central extension Vir(a, b) of W(a, b) are determined in [3] , which can be divided into the following four cases.
Case (i). Vir(0, 0) is the Lie algebra with the C-basis {L n , W n , C 1 , C 2 , C 3 | n ∈ Z} and the Lie brackets given by
Case (ii). Vir(0, −1) is the Lie algebra with the C-basis {L n , W n , C 1 , C 2 | n ∈ Z} and the Lie brackets given by
Case (iii). Vir(
, 0) is the Lie algebra with the C-basis {L n , W n , C 1 , C 3 | n ∈ Z} and the Lie brackets given by
, 0) is the Lie algebra with the C-basis {L n , W n , C 1 | n ∈ Z} and the Lie brackets given by
While the Lie algebra Vir(0, 1) has a C-basis
Fix any α ∈ C and b ∈ C. For any nonnegative integer k and n ∈ Z, define the following polynomials
Definition 2.1. Let C[s, t] be the polynomial algebra in variables s and t with coefficients in C. For λ ∈ C * , α ∈ C and h = h n (t) n∈Z ∈ H α , define the action of Vir(0, b) on
as follows:
For any λ ∈ C * and r = r n (t) n∈Z ∈ H 0 , another action of Proof. We only tackle with the case b = ±1, the arguments for the other two cases analogue being similar. According to the above definition, we have
where m ∈ Z and h m (t) =
By a straightforward computation, we obtain the following
where the second equality follows from
Finally, [W m , W n ] · f (s, t) = 0 follows from (2.6), completing the proof.
The following proposition gives a characterization of two Vir(0, b)-modules constructed above being isomorphic.
Φ(λ, α, h) is irreducible if and only if α = 0 and Θ(λ, r) is reducible;
and Φ(λ, 0, h) is reducible.
Proof. Statements concerning reducibility and irreducibility follow directly from [2] . We only prove (2.7) for the case b = 1, similar argument can be applied to (2.7) for the case b = −1, (2.8) and (2.9). For this, it suffices to show the " =⇒ " part. Let ϕ : Φ(λ, α, h) → Φ(µ, β, e) be a isomorphism of Vir(0, 1)-modules. Then for any f (t) ∈ C[t] and m ∈ Z, we have
and
It is easy to see from the first two formulas above that λ = µ and α = β. Taking m = 1 in the third formula one has ϕ(s) = sϕ (1), which together with the first and third formulas
gives rise to h m (t) = e m (t) for all m ∈ Z, i.e., h = e.
Main result
The main result of the present paper is to classify all modules over U Vir(a, b) whose restriction to U(CL 0 ⊕ CW 0 ) are free of rank 1. But we first classify such modules for
, that is the following reslut.
Proof. Let M be a W(a, b)-module which is a free U(CL 0 ⊕ CW 0 )-module of rank 1. Then M = U(CL 0 ⊕ CW 0 ). We divide the proof into several claims. Formulas in the following claim can be easily shown by proceeding by induction on i, which will be useful in what follows. Claim 1. For any 0 ≤ i ∈ Z and m ∈ Z, we have
. Next we are going to show that the action of L m and W m on M is completely determined by g m (L 0 , W 0 ) and a m (L 0 , W 0 ), respectively. Take
Hence in order to finish the proof it suffices to determine a m (L 0 , W 0 ) and g m (L 0 , W 0 ) for all m ∈ Z. 
Combing the relation (1.2) with (3.1)-(3.2) and Claim 2, we obtain
These entail us to assume that 
By comparing the coefficients of L 0 of both sides of (3.6) and setting m = 1 and m = −1, we respectively get
from which one has b n = λ n (λ := b 1 ∈ C * ) for all n ∈ Z. Thus the claim holds.
An important fact observed from (3.5) is that the degrees of a n (W 0 ) are bounded. Assume
If m 0 = 0, then we are done. For m 0 = 0, setting n = m = m 0 in (3.5) along with Claim 4 gives rise to
Then we must have
∈ C * by the choice of m 0 , which implies deg W 0 a m 0 (W 0 ) ≤ 1 for b = 0. While in the case b = 0, (3.5) simply becomes
from which we obtain a n (W 0 ) = λ n W 0 for all n ∈ Z. So in either case our assertion is true.
This allows us to assume that
for some A m , B m ∈ C. Substituting (3.8) into (3.5) implies that
We next assert that A n ∈ C * for all n ∈ Z. Suppose on the contrary that there exists some n 0 ∈ Z * such that A n 0 = 0. Letting n = −m = n 0 in (3.9) along with the fact that A 0 = 1, we have b = 1. Then it follows from by setting n = n 0 in (3.9) that A n = 0 for all n ∈ Z * . Setting n + m = 0 in (3.10), then A n = 0 implies B n = 0 for all n ∈ Z * . Hence, a n (W 0 ) = 0 for all n ∈ Z * , contradicting the assumption of our claim. Now Claim 5 follows immediately from the two assertions.
Claim 6. For all m ∈ Z, A m = λ m , where λ ∈ C * as in Claim 4.
Letting n = −m = −1 and n = −m = 1 in (3.9) respectively, we obtain
Equating the above two equations gives rise to
Substituting (3.12) into one of the equations in (3.11) implies bk
which we obtain otherwise .
Indeed, k ≡ 1, i.e., the case k = } can not occur. Suppose not, setting n = m = 1 in (3.9) along with (3.12) forces that by taking n = −1, m = 2 in (3.9) and using (3.13), a contradiction with
}. Now (3.12) turns out to be
(3.14)
due to k = 1. Taking n = 1 and n = −1 in (3.9) respectively, we have Similarly one can show that the claim is also true for the case m 0 < 0.
Combining Claim 4 with (3.10) one has (n + bm)B m+n = nλ m B n + bmλ n B m for all m, n ∈ Z. Inductively, we have B m = mB 1 λ m−1 for all m ∈ Z by (3.17).
The three cases above can be summarized as follows:
Whence Claim 7 follows by setting α = −
It now follows from (3.4) and Claim 4 that
remains to determine the expressions of these d n .
Claim 8.
for some h n (t) n∈Z ∈ H α and r n (t) n∈Z ∈ H 0 (cf. (2.2)).
It follows from Claim 4 and by comparing monomials concerning W 0 in (3.6) that
Now we assume that a m (W 0 ) = 0 for all m ∈ Z. Then by Claim 7, (3.20) can be rewritten as
It is important to observe that degrees of all F n are bounded. Let k be a nonnegative integer such that deg F n ≤ k for all n ∈ Z. Let f n be the coefficient of W k 0 of F n . By Claim 7 of [2] , we see that f n = nf 1 for all n ∈ Z. It follows from Proposition 2.2 that all q n,k;α in (2.1) satisfy (3.21). Then by the construction of q n,k;α there exists h (k) ∈ C such that deg W 0 (F n − h (k) q n,k;α ) ≤ k − 1 for all n ∈ Z. Observe that F n − h (k) q n,k;α for all n ∈ Z also satisfy (3.21). Replacing F n with F n − h (k) q n,k;α and repeating the above process, we can find h (1) , h (2) , ..., h (k−1) ∈ C such that F n − k i=1 h (i) q n,i;α are constants and satisfy (3.21) , that is,
h (i) q n,i;α = h (0) q n,0;α for some h (0) ∈ C. Hence, F n = k i=0 h (i) q n,i;α .
Similarly, in the case a m (W 0 ) = δ m,0 W 0 for any m ∈ Z one can show that there exists r n (t) n∈Z ∈ H 0 such that
for all n ∈ Z. This completes the proof of Claim 8 and then Theorem 3.1.
When C[s, t] is considered as a Vir(a, b)-module, i.e., taking the central elements C i into account, it can be showed by the similar arguments as above, but whose proof is a little more complicated than that of Theorem 3.1, that C i = 0 on C[s, t]. So the following result also holds. if b = 1 for some α ∈ C, λ ∈ C * and h = h n (t) n∈Z ∈ H α , r = r n (t) n∈Z ∈ H 0 .
